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RELATIVE RIGID OBJECTS IN EXTRIANGULATED CATEGORIES
YU LIU AND PANYUE ZHOU
Abstract. In this paper, we study a close relationship between relative cluster tilting theory in ex-
triangulated categories and τ -tilting theory in module categories. Our main results show that relative
rigid objects are in bijection with τ -rigid pairs, and also relative maximal rigid objects with support
τ -tilting pairs under some assumptions. These results generalize their work by Adachi-Iyama-Reiten,
Yang-Zhu and Fu-Geng-Liu. Finally, we introduce mutation of relative maximal rigid objects and show
that any basic relative almost maximal rigid object has exactly two non-isomorphic indecomposable
complements.
1. Introduction
In [AIR], Adachi, Iyama and Reiten introduced a generalization of classical tilting theory, which is
called τ -tilting theory. They proved that for a 2-Calabi-Yau triangulated category C with a cluster tilting
object T , there exists a bijection between the basic cluster tilting objects in C and the basic support
τ -tilting modules in modEndC(T )
op. Note that any cluster tilting object is maximal rigid in triangulated
category, but the converse is not true in general. Chang-Zhang-Zhu [CZZ] and Liu-Xie [LX] showed that
the similar version of the above bijection is also valid for a 2-Calabi-Yau triangulated category with a
rigid object. When the triangulated category C is not 2-Calabi-Yau, but with a cluster tilting object T ,
the Adachi-Iyama-Reiten’s bijection does not exist, see [YZ, Example 2.15]. It is then reasonable to find
a class of objects in C which correspond to support τ -tilting modules in modEndC(T )
op bijectively in a
more general setting. For this purpose, Yang and Zhu [YZ] introduced the notion of relative cluster tilting
objects in a triangulated category C with a cluster tilting object, which is a generalization of cluster tilting
objects. Let C be a triangulated category with the shift functor [1] and a cluster tilting object T . They
introduced the notion of T [1]-cluster tilting objects and established a one-to-one correspondence between
the basic T [1]-cluster tilting objects of C and the basic support τ -tilting modules in modEndC(T )
op. This
bijection was generalized by Fu, Geng and Liu [FGL] recently to a triangulated category C with a rigid
object. Let R ∈ C be a rigid object with endomorphism algebra Γ. They introduced the notion of the
R[1]-rigid objects in the finitely presented subcategory prR of C and showed that there exists a bijection
between the set of basic R[1]-rigid objects in prR and the set of basic τ -rigid pairs of Γ-modules, which
induces a one-to-one correspondence between the set of basic maximal R[1]-rigid objects with respect to
prR and the set of basic support τ -tilting Γ-modules.
Recently, the notion of an extriangulated category was introduced by Nakaoka and Palu in [NP,
Definition 2.12], which is a simultaneous generalization of exact category and triangulated category.
For extriangulated categories which are neither exact categories nor triangulated categories, see [NP,
Proposition 3.30] and [ZZ, Example 4.14]. A natural question is do such bijections exist when we consider
an extriangulated category instead of a triangulated category. Motivated by this, we study the similar
problems in [FGL] and [YZ] in an extriangulated category.
In this paper, let k be a field and B be a Krull-Schmidt, Hom-finite, k-linear extriangulated category
with enough projectives P and enough injectives I, and R a basic rigid object of B which does not have
any projective direct summand. We denote by R = (addR)∨P the smallest subcategory of B containing
all the direct sums of objects in addR and P . We will introduce the relative rigid objects (for convenience,
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we also call them R-rigid objects, see Definition 3.3) and relative maximal rigid objects (for convenience,
we also call them maximal R-rigid objects, see Definition 3.8) in B.
Let R =
n⊕
i=1
Ri where Ri is indecomposable. Let ΩRi be the object induced by the following E-triangle
ΩRi // Pi
pi // Ri //❴❴❴
where Pi ∈ P and pi is a right minimal, we denote ΩR :=
n⊕
i=1
ΩRi and get the following functor
HomB/P (ΩR,−) : B → modΓ, where Γ := EndB/P(ΩR)
Let H = { X ∈ B | there exists an E-triangle X // R′ // R′′ //❴❴❴ , R′, R′′ ∈ addR }, we show
the following (see Theorem 3.12):
Theorem 1.1. (a) Let X ∈ H. Then X is R-rigid if and only if HomB/P (ΩR,X) is τ-rigid.
(b) HomB/P(ΩR,−) yields a bijection between the set of isomorphism classes of basic R-rigid objects
in H which have no direct summands in P and the set of isomorphism classes of basic τ-rigid
pairs of Γ-modules.
(c) HomB/P(ΩR,−) yields a bijection between the set of isomorphism classes of basic maximal R-
rigid objects in H which have no direct summands in P and the set of isomorphism classes of
basic support τ-tilting pairs of Γ-modules.
Since tilting modules are faithful support τ -tilting modules, using the correspondence with relative
rigid objects, we give an equivalent characterization on tilting modules, see Theorem 3.13. We also
introduce mutation of relative maximal rigid objects and show that any basic relative almost maximal
rigid object has exactly two non-isomorphic indecomposable complements, see Theorem 5.5. Finally, we
give an example illustrating our these results, see Example 6.1.
2. Preliminaries
2.1. Extriangulated categories. Let us briefly recall the definition and basic properties of extriangu-
lated categories from [NP]. Throughout this paper, we assume that B is an additive category.
Definition 2.1. [NP, Definition 2.1] Suppose that B is equipped with an additive bifunctor
E : Bop × B → Ab,
where Ab is the category of abelian groups. For any pair of objects A,C ∈ B, an element δ ∈ E(C,A) is
called an E-extension. Thus formally, an E-extension is a triplet (A, δ, C). For any A,C ∈ C, the zero
element 0 ∈ E(C,A) is called the spilt E-extension.
Let δ ∈ E(C,A) be any E-extension. By the functoriality, for any a ∈ B(A,A′) and c ∈ B(C′, C), we
have E-extensions
E(C, a)(δ) ∈ E(C,A′) and E(c, A)(δ) ∈ E(C′, A).
We denote them by a∗δ and c
∗δ. In this terminology, we have
E(c, a)(δ) = c∗a∗δ = a∗c
∗δ
in E(C′, A′).
Definition 2.2. [NP, Definition 2.3] Let δ ∈ E(C,A) and δ′ ∈ E(C′, A′) be two pair of E-extensions.
A morphism (a, c) : δ → δ′ of E-extensions is a pair of morphisms a ∈ B(A,A′) and c ∈ B(C,C′) in B,
satisfying the equality
a∗δ = c
∗δ′.
We simply denote it as (a, c) : δ → δ′.
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Definition 2.3. [NP, Definition 2.6] Let δ = (A, δ, C) and δ′ = (A′, δ′, C′) be any pair of E-extensions.
Let
C
ιC−−−→ C ⊕ C′
ιC′←−−− C′
and
A
pA
−−−→ A⊕A′
pA′←−−− A′
be coproduct and product in B, respectively. Remark that, by the additivity of E, we have a natural
isomorphism
E(C ⊕ C′, A⊕A′) ≃ E(C,A) ⊕ E(C,A′)⊕ E(C′, A)⊕ E(C′, A′).
Let δ ⊕ δ′ ∈ E(C ⊕ C′, A ⊕ A′) be the element corresponding to (δ, 0, 0, δ′) through this isomorphism.
This is the unique element which satisfies
E(ιC , pA)(δ ⊕ δ
′) = δ, E(ιC , pA′)(δ ⊕ δ
′) = 0, E(ιC′ , pA)(δ ⊕ δ
′) = 0, E(ιC′ , pA′)(δ ⊕ δ
′) = δ′.
Definition 2.4. [NP, Definition 2.7] Let A,C ∈ B be any pair of objects. Two sequences of morphisms
in B
A
x
−→ B
y
−→ C and A
x′
−→ B′
y′
−→ C
are said to be equivalent if there exists an isomorphism b ∈ B(B,B′) which makes the following diagram
commutative.
A
B
B′
C
x
77♦♦♦♦♦♦♦♦
y
''❖❖
❖❖❖
❖❖❖
x′ ''❖
❖❖❖
❖❖❖
y′
77♦♦♦♦♦♦♦
b≃

We denote the equivalence class of A
x
−→ B
y
−→ C by [A
x
−→ B
y
−→ C].
Definition 2.5.
(1) For any A,C ∈ B, we denote as
0 = [A
[
1
0
]
−→ A⊕ C
[0 1]
−→ C].
(2) For any [A
x
−→ B
y
−→ C] and [A′
x′
−→ B′
y′
−→ C′], we denote as
[A
x
−→ B
y
−→ C]⊕ [A′
x′
−→ B′
y′
−→ C′] = [A⊕A′
x⊕x′
−→ B ⊕B′
y⊕y′
−→ C ⊕ C′].
Definition 2.6. [NP, Definition 2.9] Let s be a correspondence which associates an equivalence class
s(δ) = [A
x
−→ B
y
−→ C] to any E-extension δ ∈ E(C,A). This s is called a realization of E, if it satisfies
the following condition.
• Let δ ∈ E(C,A) and δ′ ∈ E(C′, A′) be any pair of E-extensions, with
s(δ) = [A
x
−→ B
y
−→ C] and s(δ′) = [A′
x′
−→ B′
y′
−→ C′].
Then, for any morphism (a, c) : δ → δ′, there exists b ∈ B(B,B′) which makes the following
diagram commutative.
A B C
A′ B′ C′
x // y //
a

b

c

x′ // y
′
//
In this case, we say that the sequence A
x
−→ B
y
−→ C realizes δ, whenever it satisfies s(δ) = [A
x
−→
B
y
−→ C]. In the above situation, we also say that the triplet (a, b, c) realizes (a, c).
Definition 2.7. [NP, Definition 2.10] Let B,E be as above. A realization of E is said to be additive, if
it satisfies the following conditions.
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(i) For any A,C ∈ B, the split E-extension 0 ∈ E(C,A) satisfies
s(0) = 0.
(ii) For any pair of E-extensions δ ∈ E(C,A) and δ′ ∈ E(C′, A′), we have
s(δ ⊕ δ′) = s(δ)⊕ s(δ′).
Definition 2.8. [NP, Definition 2.12] A triplet (B,E, s) is called an extriangulated category if it satisfies
the following conditions.
(ET1) E : Bop × B → Ab is an additive bifunctor.
(ET2) s is an additive realization of E.
(ET3) Let δ ∈ E(C,A) and δ′ ∈ E(C′, A′) be any pair of E-extensions, realized as
s(δ) = [A
x
−→ B
y
−→ C], s(δ′) = [A′
x′
−→ B′
y′
−→ C′].
For any commutative square
A B C
A′ B′ C′
x // y //
a

b

x′ // y
′
//
in B, there exists a morphism (a, c) : δ → δ′ satisfying cy = y′b.
(ET3)op Dual of (ET3).
(ET4) Let δ ∈ E(D,A) and δ′ ∈ E(F,B) be E-extensions realized by
A
f
−→ B
f ′
−→ D and B
g
−→ C
g′
−→ F
respectively. Then there exist an object E ∈ B, a commutative diagram
A B D
A C E
F F
f // f
′
//
g

d
h // h
′
//
g′

e

in B, and an E-extension δ′′ ∈ E(E,A) realized by A
h
−→ C
h′
−→ E, which satisfy the following
compatibilities.
(i) D
d
−→ E
e
−→ F realizes f ′∗δ
′,
(ii) d∗δ′′ = δ,
(iii) f∗δ
′′ = e∗δ′.
(ET4)op Dual of (ET4).
Remark 2.9. Note that both exact categories and triangulated categories are extriangulated categories,
see [NP, Example 2.13] and extension closed subcategories of extriangulated categories are again extrian-
gulated, see [NP, Remark 2.18]. Moreover, there exist extriangulated categories which are neither exact
categories nor triangulated categories, see [NP, Proposition 3.30] and [ZZ, Example 4.14].
We will use the following terminology.
Definition 2.10. [NP] Let (B,E, s) be an extriangulated category.
(1) A sequence A
x
−−→ B
y
−−→ C is called a conflation if it realizes some E-extension δ ∈ E(C,A).
In this case, x is called an inflation and y is called a deflation.
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(2) If a conflation A
x
−−→ B
y
−−→ C realizes δ ∈ E(C,A), we call the pair (A
x
−−→ B
y
−−→ C, δ) an
E-triangle, and write it in the following way.
A
x
−→ B
y
−→ C
δ
99K
We usually do not write this “δ” if it is not used in the argument.
(3) Let A
x
−→ B
y
−→ C
δ
99K and A′
x′
−→ B′
y′
−→ C′
δ′
99K be any pair of E-triangles. If a triplet (a, b, c)
realizes (a, c) : δ → δ′, then we write it as
A
x //
a

B
y //
b

C
δ //❴❴❴
c

A′
x′ // B′
y′ // C′
δ′ //❴❴❴
and call (a, b, c) a morphism of E-triangles.
(4) An object P ∈ B is called projective if for any E-triangle A
x
−→ B
y
−→ C
δ
99K and any morphism
c ∈ B(P,C), there exists b ∈ B(P,B) satisfying yb = c. We denote the subcategory of projective
objects by P ⊆ B. Dually, the subcategory of injective objects is denoted by I ⊆ B.
(5) We say that B has enough projective objects if for any object C ∈ B, there exists an E-triangle
A
x
−→ P
y
−→ C
δ
99K satisfying P ∈ P. Dually we can define B has enough injective objects.
By [NP, Corollary 3.5], we give the following useful remark, which will be used in the sequel.
Remark 2.11. Let A
a // B
b // C //❴❴❴ and X
x // Y
y // Z //❴❴❴ be two E-triangles. Then
• In the following commutative diagram
X
x //
f

Y
g

y // Z
h

//❴❴❴
A
a // B
b // C //❴❴❴
f factors through x if and only if h factors through b.
2.2. Rigid objects and cluster tilting objects. Let (B,E, s) be an extriangulated category with
enough projectives P and enough injectives I.
Definition 2.12. Let B′ and B′′ be two subcategories of B.
(a) Denote by CoCone(B′,B′′) the subcategory
{ X ∈ B | there exists an E-triangle X // B′ // B′′ //❴❴❴ , B′ ∈ B′ and B′′ ∈ B′′ };
(b) Denote by Cone(B′,B′′) the subcategory
{ X ∈ B | there exists an E-triangle B′ // B′′ // X //❴❴❴ , B′ ∈ B′ and B′′ ∈ B′′ };
(c) Let Ω0B′ = B′ and ΩB′ = CoCone(P ,B′), then we can define ΩiB′ inductively:
ΩiB′ = CoCone(P ,Ωi−1B′),
we can define a functor Ω : B → B/P according to the definition above;
(d) Let Σ0B′ = B′, ΣB′ = Cone(B′, I), then we can define ΣiB′ inductively:
ΣiB′ = Cone(Σi−1B′, I),
we can define a functor Σ : B → B/I according to the definition above.
We write an object D in the form ΩB if it admits an E-triangle D // P // B //❴❴❴ where P ∈ P.
We write an object D′ in the form ΣB′ if it admits an E-triangle B′ // I // D′ //❴❴❴ where I ∈ I.
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Liu and Naokaoka [LN, Proposition 5.2] defined higher extension groups in an extriangulated category
with enough projectives and enough injectives as Ei+1(X,Y ) := E(X,ΣiY ) ∼= E(ΩiX,Y ) for i ≥ 1, and
they proved the following.
Lemma 2.13. [LN, Proposition 5.2] Let A
x // B
y // C
δ //❴❴❴ be an E-triangle. For any object
X ∈ B, there are the following long exact sequences
· · · → Ei(X,A)
x∗−→ Ei(X,B)
y∗
−→ Ei(X,C)→ Ei+1(X,A)
x∗−→ Ei+1(X,B)
y∗
−→ · · · (i ≥ 1);
· · · → Ei(C,X)
y∗
−→ Ei(B,X)
x∗
−→ Ei(A,X)→ Ei+1(C,X)
y∗
−→ Ei+1(B,X)
x∗
−→ · · · (i ≥ 1).
Definition 2.14. [LN, Definition 5.3] Let (B,E, s) be an extriangulated category with enough projectives
and enough injectives.
• An object R ∈ B is called d-rigid if Ei(R,R) = 0, for any i ∈ {1, 2, · · · , d}.
Definition 2.15. [ZZ1, Definition 2.7] Let B be an extriangulated category.
• An object R ∈ B is called rigid if E(R,R) = 0. In this case, rigid is identical with 1-rigid.
• A subcategory R of B is called rigid if E(R,R) = 0.
• An object R ∈ B is called if cluster-tilting if it satisfies
E(R,M) = 0⇔M ∈ addR⇔ E(M,R) = 0.
3. Relative rigid objects and τ-rigid pairs
From this section, let k be a field and (B,E, s) be a Krull-Schmidt, Hom-finite, k-linear extriangulated
category with enough projectives P and enough injectives I.
From now on, we also assume B satisfies condition (WIC) ([NP, Condition 5.8]):
• If we have a deflation h : A
f
−−→ B
g
−−→ C, then g is also a deflation.
• If we have an inflation h : A
f
−−→ B
g
−−→ C, then f is also an inflation.
Note that this condition automatically holds on triangulated categories and Krull-Schmidt exact cat-
egories.
By this condition, we can always get right minimal deflations and left minimal inflations.
3.1. Relative rigid objects. Throughout this paper, we assume that R is a basic rigid object which
does not have direct summands in P and E(R,P) = 0. We denote by R = (addR) ∨ P the smallest
subcategory of B containing all the direct sums of objects in addR and P . Then R is a contravariantly
finite rigid subcategory of B.
Lemma 3.1. Any indecomposable object R0 ∈ addR admits an E-triangle ΩR0
q0 // P0
p0 // R0 //❴❴❴
where p0 is a right minimal and ΩR0 is an indecomposable.
Proof. Let ΩR0 = S1 ⊕ S2 where S1 /∈ P is an indecomposable. Then the morphism ΩR0
q0
−→ P0 can
write this form S1⊕S2
( q1 q2 )
−−−−−→ P0. The morphism q1 admits an E-triangle S1
q1 // P0
p1 // R1 //❴❴❴ ,
since Ext1B(R0, P0) = 0, we get the following commutative diagram:
S1
( 10 )

q1 // P0
p1 // R1
r1

//❴❴❴
S1 ⊕ S2
( q1 q2 )//
( 1 0 )

P0
p0 //
a

R0
r0

//❴❴❴
S1
q1 // P0
p1 // R1 //❴❴❴ .
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Since B is Krull-Schmidt, EndB(R0) is a local ring. Hence either r1r0 is an isomorphism, or there exists a
integer n > 0 such that (r1r0)
n = 0. If it is the second case, we have the following commutative diagram
S1
q1 // P0
an+1

p1 // R1
r0(r1r0)
nr1=0

//❴❴❴
S1
q1 // P0
p1 // R1 //❴❴❴ .
This implies that 1S1 factors through q1, thus S1 is a direct summand of P0 and S1 ∈ P , a contradiction.
Hence r1r0 is an isomorphism. We consider the following commutative diagram
S1 ⊕ S2
( q1 q2 )//
( 1 0 )

P0
p0 //
b

R0
r0

//❴❴❴
S1
( 10 )

q1 // P0
a

p1 // R1
r1

//❴❴❴
S1 ⊕ S2
( q1 q2 )// P0
p0 // R0 //❴❴❴ .
Since p0 is right minimal, we get that ab is an isomorphism. Hence S1⊕S2 ≃ S1, which implies ΩR0 = S1
is an indecomposable. 
Let R =
n⊕
i=1
Ri where Ri is indecomposable. In this paper, we denote ΩR :=
n⊕
i=1
ΩRi where ΩRi is the
indecomposable object determined by Lemma 3.1.
We denote B′/P by B′ if P ⊆ B′ ⊆ B. For any morphism f : A→ B in B, we denote by f the image of
f under the natural quotient functor B → B. We denote B′/R by B′ if R ⊆ B′ ⊆ B. For any morphism
g : A → B in B, we denote by g the image of g under the natural quotient functor B → B. For objects
A,B ∈ B, let [R](A,B) be the subgroup of HomB(A,B) consisting of morphisms which factor through
an object in addR.
Definition 3.2. For two objects M,N ∈ B, denote by [R](M,ΣN) the subset of HomB(M,ΣN) such that
α ∈ [R](M,ΣN) if we have α : M
h
−−→ R0
j
−−→ ΣN where R0 ∈ addR (which means α ∈ [R](M,ΣN)),
and the following commutative diagram:
M
h //

R0
j

N // IN
i // ΣN //❴❴❴
where IN ∈ I.
Definition 3.3. An object X is called relative rigid (with respect to R) if [R](X,ΣX) = [R](X,ΣX).
For convenience, a relative rigid object in this paper is also called R-rigid.
Remark 3.4. Let B be a triangulated category with the shift functor [1]. Then any object X is R-rigid
if and only if X [1] is R[1]-rigid in the sense of [FGL, Definition 2.2].
Lemma 3.5. Any R-rigid object is closed under direct summands.
Proof. Let X ⊕ X ′ be R-rigid and X ⊕ X ′
(h h′ )
−−−−→ R0 be a left R-approximation of X ⊕ X
′. Then h
is a left R-approximation of X . For any morphism α : X
h
−−→ R0
j
−−→ ΣX
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commutative diagram
X
( 10 ) // X ⊕X ′
(h h′ ) // R0
j

X //
( 10 )

IX
i //
i1

ΣX
a

//❴❴❴❴
X ⊕X ′
( 0 1 )

// I
i2

i′ // ΣX ⊕ ΣX ′
b

//❴❴❴
X // IX
i // ΣX //❴❴❴❴
Since X ⊕X ′ is R-rigid, there is a morphism X ⊕X ′
(x x′ )
−−−−→ I such that i′ ( x x′ ) = aj ( h h′ ). There is
a morphism y : ΣX → IX such that 1 − ba = iy. Now we have ii2x = bi
′x = bajh = (1 − iy)jh, hence
jh = i(yjh+ i2x), which implies X is an R-rigid object. 
We have the following useful lemma.
Lemma 3.6. X is R-rigid if and only if there exists the following commutative diagram
ΩX
s //
q

ΩR1
f

ΩR1
p1

PX //

ΩR2 //
g

P //

R2 //❴❴❴
X
✤
✤
✤ X h
//
✤
✤
✤ R1
//
✤
✤
✤ R2
//❴❴❴
where R1, R2 ∈ R and P, PX ∈ P, HomB(f,X) is surjective.
Proof. X admits an E-triangle X // IX
i // ΣX //❴❴❴ . Let j : R1 → ΣX (resp. x : ΩR1 → X) be
any morphism, we can the following commutative diagram
ΩX
s //
q

ΩR1
f

ΩR1
p1

x // X

PX
a //

ΩR2
b //
g

P //

IX
i

X
✤
✤
✤ X h
//
✤
✤
✤ R1 j
//
✤
✤
✤ ΣX
✤
✤
✤
If HomB(f,X) is surjective, we show that jh factors through i, which by definition means X is R-rigid.
Now let j : R1 → ΣX be any morphism. There is a morphism x1 : ΩR2 → X such that x = x1f , then
x− x1f factors through P , hence we have x− x1f : ΩR1
p1
−→ P
p2
−→ X . Thus
xs = x1fs+ p2p1s = x1aq + p2baq = (x1 + p2b)aq,
this implies jh factors through i.
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Now assume that X is R-rigid, we show that HomB(f,X) is surjective, hence HomB(f,X) is surjective.
Let x : ΩR1 → X be any morphism. Since X is R-rigid, jh factors through i, which implies xs factors
through q. Hence x factors through f . 
Lemma 3.7. Let X0 be an R-rigid and R0 ∈ R. Then X0⊕R0 is R-rigid if and only if E(R0, X0) = 0.
Proof. Let y : R0 → ΣX0 be any morphism. Then we have the following commutative diagram:
X0 ⊕R0
(
h0 0
0 1
)
// R1 ⊕R0
( 0 1 )

ΩR0
x

// P0

// R0
y

//❴❴❴❴❴❴❴
X0
j0 //
( 10 )

I
i0 //
( 10 )

ΣX0
( 10 )

//❴❴❴❴❴❴
X0 ⊕R0 (
j0 0
0 jR
) // I ⊕ IR (
i0 0
0 iR
)
=α
// ΣX0 ⊕ ΣR0 //❴❴❴❴❴
where h0 is a left R-approximation of X0 and P0 ∈ P , I, IR ∈ I.
If X0 ⊕R0 is R-rigid, there is a morphism X0 ⊕R0
(
a b
c d
)
−−−−→ I ⊕ IR such that
(
i0 0
0 iR
) (
a b
c d
)
= ( 10 ) y ( 0 1 )
(
h0 0
0 1
)
.
It follows that i0b = y and then E(R0, X0) = 0.
Let β =
(
a′ b′
c′ d′
)
: R1⊕R0 → ΣX0⊕ΣR0 be any morphism. We have b
′ : R1 → ΣR0 and d
′ : R0 → ΣR0
factor through iR since R is rigid, a
′ : R1 → ΣX0 factors through i0 since X0 is R-rigid. If E(R0, X) = 0,
we have c′ : R0 → ΣX0 factors through i0, this implies β factors through α. Hence by definition X0⊕R0
is R-rigid. 
3.2. Relative maximal rigid objects. LetH = CoCone(R,R). Then according to [LN], HomB(ΩR,−)
induces an equivalence G : H
≃
−−→ modEndB(ΩR) =: Γ. In fact we have the following commutative
diagram:
B
H ##❋
❋❋
❋❋
❋
HomB(ΩR,−) // Γ
H
G
≃
;;①①①①①①
where H is the cohomological functor defined in [LN]. H has also the following properties:
(1) H(X) = X ifX ∈ H; H(f) = 0 if and only if f factors throughR⊥1 = {X ∈ B | Ext1(R, X) = 0}.
(2) By applying H to an E-triangle X
f // B
g // C //❴❴❴ , we get an exact sequence
H(X)
H(f)
−−−→ H(Y )
H(g)
−−−→ H(Z).
Definition 3.8. An object X ∈ H is called relative maximal rigid with respect to H if for any non-
projective indecomposable object Z ∈ H, X ⊕ Z is R-rigid implies Z ∈ addX. For convenience, X is
also called a maximal R-rigid object.
Lemma 3.9. For any X,Y ∈ H, we have HomΓ(HomB(ΩR,X),HomB(ΩR, Y )) ≃ HomB(X,Y ).
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3.3. τ-tilting theory. Let Λ be a finite dimensional basic algebra. We denote by projΛ the subcategory
consisting of finite dimensional left projective Λ-modules. For each Λ-module X , we denote the number of
non-isomorphic indecomposable direct summands of X by |X |. Let τ be the Auslander-Reiten translation
in modΛ, we recall in the following some basic concepts in τ -tilting theory.
Definition 3.10. [AIR, Definition 0.3] Let (X,P ) be a pair with X ∈ modΛ and P ∈ projΛ.
• We say that (X,P ) is basic if X and P are basic.
• X is called τ -rigid if HomΛ(X, τX) = 0.
• (X,P ) is called a τ -rigid pair if X is τ-rigid and HomΛ(P,X) = 0.
• X is called τ -tilting if X is τ-rigid and |X | = |Λ|.
• A τ-rigid pair (X,P ) is said to be a support τ -tilting pair if |X |+ |P | = |Λ|. In this case, X is
also called a support τ -tilting module.
We need the following lemma, which has been proved in [AIR, Proposition 2.4].
Lemma 3.11. For any object M ∈ modΛ, denote by PM1
f
−−→ PM0 → M → 0 a minimal projective
presentation of M . Then M is τ-rigid if and only if HomΛ(f,M) is surjective.
Now we state and prove our first theorem. This result generalizes their work by Adachi-Iyama-Reiten
[AIR, Theorem 4.1], Yang-Zhu [YZ, Theorem 3.6] and Fu-Geng-Liu [FGL, Theorem 2.5].
Theorem 3.12. (a) Let X ∈ H. Then X is R-rigid if and only if HomB(ΩR,X) is τ-rigid.
(b) HomB(ΩR,−) yields a bijection between the set of isomorphism classes of basic R-rigid objects
in H which have no direct summands in P and the set of isomorphism classes of basic τ-rigid
pairs of Γ-modules.
(c) HomB(ΩR,−) yields a bijection between the set of isomorphism classes of basic maximal R-rigid
objects in H which have no direct summands in P and the set of isomorphism classes of basic
support τ-tilting pairs of Γ-modules.
Proof. (a) Let HomB(ΩR,ΩR1)
α
−→ HomB(ΩR,ΩR0)
β
−→ HomB(ΩR,X) → 0 be a minimal projective
resolution. By Yoneda’s Lemma, we have α = HomB(ΩR, f). Thus we have the following commutative
diagram by Lemma 3.9.
HomB(ΩR0, X)
HomB(f,X)

≃ // HomΓ(HomB(ΩR,ΩR0),HomB(ΩR,X))
HomΓ(HomB(ΩR,f),HomB(ΩR,X))

HomB(ΩR1, X)
≃ // HomΓ(HomB(ΩR,ΩR1),HomB(ΩR,X))
By Lemma 3.11 and 3.6, X is R-rigid if and only if HomB(ΩR,X) is τ -rigid.
(b) Let X be a basic R-rigid object, X = X0 ⊕ R0 where X0 has no direct summands in R and
R0 ∈ R. Let F (X) = (HomB(ΩR,X0),HomB(ΩR,R0)). By Lemma 3.5, X0 is R-rigid, then by (a),
HomB(ΩR,X0) is τ -rigid. Since X is R-rigid, by Lemma 3.7, we have HomB(ΩR0, X) ≃ E(R0, X) = 0,
and by Lemma 3.9,
HomΓ(HomB(ΩR,ΩR0),HomB(ΩR,X)) = 0,
hence (HomB(ΩR,X),HomB(ΩR,ΩR0)) is a basic τ -rigid pair. On the other hand, if we have a basic
τ -rigid pair (M,P ) of Γ, then M ≃ HomB(ΩR,X0) where X0 has no direct summands in R and P ≃
HomB(ΩR,ΩR0). By (a) X0 is R-rigid. Since HomB(ΩR0, X0) = 0, by Lemma 3.7 X0 ⊕R0 is a R-rigid
object.
(c) Let X = X0 ⊕ RX where X0 does not have any direct summand of R. If X is maximal rigid and
F (X) is not basic support τ -tilting, then one of the following conditions must be satisfied:
(1) There exists an indecomposable object R′ ∈ addR which is not a direct summand of RX such
that (HomB(ΩR,X),HomB(ΩR,ΩRX ⊕ ΩR
′)) is a basic τ -rigid pair.
(2) There exists an indecomposable non-projective object X ′ which is not a direct summand of X0
or R such that (HomB(ΩR,X ⊕X
′),HomB(ΩR,ΩRX)) is a basic τ -rigid pair.
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For condition (1), it is enough to show that X0 ⊕RX ⊕R
′ is R-rigid.
Since (HomB(ΩR,X0),HomB(ΩR,ΩRX ⊕ ΩR
′)) is a τ -rigid pair, we have
E(RX ⊕R
′, X0) ≃ HomB(ΩRX ⊕ ΩR
′, X0) = 0,
hence E(R′, X0) = 0 and by Lemma 3.7, X⊕R
′ is R-rigid, a contradiction to the fact that X is maximal.
By the same method we can show that condition (2) can not hold. Hence F (X) is basic support
τ -tilting.
If (M,P ) is basic support τ -tilting and M ≃ HomB(ΩR,X0) where X0 has no direct summands in
R, P ≃ HomB(ΩR,ΩR0). By (b) X0 ⊕ RX =: X is R-rigid, assume that Z ∈ H is a non-projective
indecomposable object, we show that X ⊕ Z is R-rigid implies Z ∈ addX .
If Z ∈ addR, then by (b) we have a basic τ -rigid pair (HomB(ΩR,X0),HomB(ΩR,ΩRX⊕ΩZ)). Since
(HomB(ΩR,X0),HomB(ΩR,ΩRX) is already a basic support τ -tilting pair, we have Z ∈ addRX . By the
same method we can show the case when Z /∈ addR, Z ∈ addX0. 
For any object X , denote by [X ](R,R) the image of [X ](R,R) in B. Now we give an equivalent
characterization of tilting modules.
Theorem 3.13. For an object X ∈ H which does not have direct summands in R, we have
pdΓHomB(ΩR,X) ≤ 1 if and only if [X ](R,R) = 0.
Moreover, if X is basic, then HomB(ΩR,X) is a tilting module of Γ if and only if X is maximal R-rigid
with respect to H and [X ](R,R) = 0.
Proof. X admits following commutative diagram
ΩX
s //
q

ΩR1
f

ΩR1
p1

PX //

ΩR2 //
g

P //

R2 //❴❴❴
X
✤
✤
✤ X h
//
✤
✤
✤ R1
//
✤
✤
✤ R2
//❴❴❴
where R1, R2 ∈ R and P, PX ∈ P .
By applying HomB(ΩR,−), we get an exact sequence:
(ΩR,ΩX)
HomB(ΩR,s)
−−−−−−−−→ (ΩR,ΩR1)
HomB(ΩR,f)
−−−−−−−−→ (ΩR,ΩR2)
HomB(ΩR,g)
−−−−−−−−→ (ΩR,X)→ 0
where we omitted HomB because of lack of space.
Let a ∈ HomB(ΩR,ΩX) be any morphism. Thus we have the following commutative diagram
ΩR //
a

PR //

R
b

//❴❴❴
ΩX //
s

PX //

X
h

//❴❴❴
ΩR1 // P // R1 //❴❴❴
If [X ](R,R) = 0, that is to say, hb factors through P which implies sa factors through PR, hence
HomB(ΩR, s) = 0 and pdΓHomB(ΩR,X) ≤ 1.
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If pdΓHomB(ΩR,X) ≤ 1, then we have the following exact sequence
0→ HomB(ΩR,ΩR1)
α
−−→ HomB(ΩR,ΩR2)
β
−−→ HomB(ΩR,X)→ 0
where α = HomB(ΩR, f) by Yoneda’s Lemma. Thus we have the following commutative diagram
ΩR1
p1 //
f

P //

R1 //❴❴❴
ΩR2 // X
′ // R1 //❴❴❴
where X ′ ∈ H and HomB(ΩR,X) ≃ HomB(ΩR,X
′). But this also means X = H(X) ≃ H(X ′) = X ′ in
H. Since X does not have direct summands in R, we have X ′ = X ⊕ R′ ⊕ P ′ where R′ ∈ addR and
P ′ ∈ P . To show [X ](R,R) = 0, it is enough to show [X ′](R,R) = 0. We have the following commutative
diagram
ΩX ′
s′ //

ΩR1
(
f
p1
)

ΩR1
(
p2f
p1
)

P ′

// ΩR2 ⊕ P

(
p2 0
0 1
)
// P2 ⊕ P
( q2 0 )
//

R2 //❴❴❴
X ′
✤
✤
✤ X
′
h′
//
✤
✤
✤ R
′
1
//
✤
✤
✤
R2 //❴❴❴
where P, P2, P
′ ∈ P , R′1, R2 ∈ R and HomB(ΩR, s
′) = 0. Let b′ : R → X ′ be any morphism. Then we
have the following commutative diagram
ΩR //
a

PR //

R
b′

//❴❴❴
ΩX ′ //
s′

P ′ //

X ′
h′

//❴❴❴
ΩR1 // P2 ⊕ P // R′1 //❴❴❴
Since s′a factors through P , we have h′b′ factors through P . Since h′ is a left R-approximation of X ′,
we have [X ′](R,R) = 0 implies [X ](R,R) = 0.
If X is maximal R-rigid, by Theorem 3.12, HomB(ΩR,X) is support τ -tilting. X does not have
direct summand in R implies that |HomB(ΩR,X)| = |X | = |Γ| = |R|. This condition [X ](R,R) means
pdΓHomB(ΩR,X) ≤ 1. Combine all of these, we get that HomB(ΩR,X) is a tilting module.
If HomB(ΩR,X) is a tilting module, since it is also support τ -tilting, by Theorem 3.12 we know
that X is maximal R-rigid. By definition of tilting module, we have pdΓHomB(ΩR,X) ≤ 1, hence
[X ](R,R) = 0. 
Now we study the relationship between R-rigid, rigid and d-rigid.
Proposition 3.14. If R is 2-rigid, then any R-rigid object X ∈ H is rigid.
Proof. Assume that X is any R-rigid object, it admits an E-triangle X
h // R1
j // R2 //❴❴❴ where
R1, R2 ∈ addR. If R is 2-rigid, we get a short exact sequence 0 = E(R,R2)→ E
2(R,X)→ E2(R,R1) = 0
which implies E2(R,X) = 0. Then we have a short exact sequence
E(R1, X)
E(f,X)
−−−−→ E(X,X)→ E2(R2, X) = 0.
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This implies that any E-triangle X
x // Y // X //❴❴❴ admits the following commutative diagram
X
x // Y //

X //❴❴❴
h

X // Z //

R1 //❴❴❴
a

X // IX
i
// ΣX //❴❴❴
Since X is R-rigid, we have that ah factors through i, hence 1X factors through x. It follows that the
E-triangle X
x // Y // X //❴❴❴ splits. Thus E(X,X) = 0 and then X is rigid. 
Theorem 3.15. Let X ∈ H. If R is d-rigid, d ≥ 3, then the following statements are equivalent:
(a) X is R-rigid;
(b) X is rigid;
(c) X is (d− 1)-rigid.
Proof. By Proposition 3.14, (a) and (b) are equivalent. (c) implies (a) is trivial. We show that if R is
d-rigid, then Ei(X,X) = 0, i = 2, 3, · · · , d− 1, hence (b) implies (c).
By the same method as in Proposition 3.14, we get 0 = Ei−1(R,R2) → E
i(R,X) → Ei(R,R1) = 0
which implies Ei(R,X) = 0, i = 2, 3, · · · , d. Thus we have short exact sequences
0 = Ei(R1, X)→ E
i(X,X)→ Ei+1(R2, X) = 0,
hence Ei(X,X) = 0, i = 2, 3, · · · , d− 1. 
4. A partial order on relative maximal rigid objects
Let M ∈ H, we say X ∈M ∗ [R] if X admits the following commutative diagram:
MX
i //
m

IM
i′

// ΣMX //❴❴❴
(♦)
X ηX
// // CX // ΣMX //❴❴❴
where MX ∈ addM , IM ∈ I and ηX factors through R
⊥1 .
The following remark is useful, the proof is left to the readers.
Remark 4.1. The subcategory M ∗ [R] is closed under direct sums and direct summands.
Lemma 4.2. If X ∈ H and X ∈M ∗ [R], then in the diagram (♦), ηX factors through R.
Proof. Since X ∈ H and X ∈ M ∗ [R], we get an epimorphism MX
m
−→ X → 0 in H. According to [LN,
Corollary 2.26], m admits the following commutative diagram
MX
r //
m

R1 //

R2 //❴❴❴
X // R0 // R2 //❴❴❴
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where R0, R1, R2 ∈ R. There exists a morphism r
′ : R1 → IM such that r
′r = i. Then we have the
following commutative diagram
MX
r //
m

R1

i′r′
✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
X //
ηX
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗ R0
!!
CX
which shows ηX factors through R. 
Definition 4.3. Let M,N be maximal R-rigid. We denote M ≥ N if M ∗ [R] ⊇ N ∗ [R].
Theorem 4.4. The relation ≥ we defined is a partial order.
Proof. We only need to show that if M ≥ N and N ≥ M , then M = N . To show this, we only need to
prove M ⊕N is R-rigid. Since M and N are maximal, if M ⊕N is R-rigid, we have M = N ⊕M = N .
Now assume M ∗ [R] ⊆ N ∗ [R] and N ∗ [R] ⊆ M ∗ [R]. Then N ∈ M ∗ [R]. By definition we have the
following commutative diagram
MN //

IM

// ΣMN //❴❴❴
N ηN
// CN // ΣMN //❴❴❴
where MN ∈ addM , IM ∈ I and ηN factors through R
⊥1 . We check that in the following commutative
diagram
ΩM
pM //
f1

PM

// M
g1

//❴❴❴
ΩR
pR //
f2

PR //

R
g2

//❴❴❴
N // IN
iN
// ΣN //❴❴❴
where PR, PM ∈ P , I ∈ I, the morphism g2g1 factors through iN . It is enough to show f2f1 factors
through pM . In fact, since ηN factors through R
⊥1 , there exists a morphism p1 : PR → CN such that
ηNf2 = p1pR. Then we have the following diagram such that all the squares are commutative:
ΩR
pR //
f2
✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
a
""
PR

//
""
R
r
##

//❴❴❴❴
MN
b

// IM

// ΣMN //❴❴❴
N
ηN
// CN // ΣMN //❴❴❴
We have that ba factors through pR. There is a morphism p2 : PR → N such that f2− ba = p2pR. Hence
f2f1 = baf1 + p2pRf1 factors though pM .
The dual of this statement can be shown under this condition M ∈ N ∗ [R]. 
Lemma 4.5. Let X ∈ B and M ∈ H. Then X ∈M ∗ [R] if and only if H(X) ∈ FacM in H.
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Proof. If X ∈M ∗ [R], then we have a commutative diagram
MX //

IM

// ΣMX //❴❴❴
X ηX
// // CX // ΣMX //❴❴❴
where ηX factors through R
⊥1 . Thus we get an epimorphism MX → H(X) → 0 in H. It folllows that
H(X) ∈ FacM .
If we have an epimorphism f : Mn → H(X)→ 0, since X admits an E-triangle
RX
r // H(X) // X //❴❴❴
where RX ∈ R and H(r) is an isomorphism in H, then we have a commutative diagram
Mn //
rf

I

// ΣMn //❴❴❴
X ηX
//// CX // ΣMn //❴❴❴
where I ∈ I. We get an exact sequence Mn
H(r)f
−−−−→ H(X)
H(ηX )
−−−−→ CX in B. Since H(r)f is epic, we have
H(ηX) = 0, which implies ηX factors through R
⊥1 . 
According to this lemma, we have the following proposition.
Proposition 4.6. Let M,N be two objects in H. Then M ∗ [R] ⊆ N ∗ [R] if and only if FacM ⊆ FacN
in H.
Proof. It is enough to show if M ∈ N ∗ [R], then M ∗ [R] ⊆ N ∗ [R].
Assume X ∈M ∗ [R], by definition it admits a commutative diagram
MX //
m

IM

// ΣMX //❴❴❴
X ηX
//// CX // ΣMX //❴❴❴
where MX ∈ addM , IM ∈ I and ηX factors through R
⊥1 . Since M ∈ N ∗ [R] and N ∗ [R] is closed under
direct sums and direct summands, then MX also admits a commutative diagram
N ′ //
n

I

// ΣN ′ //❴❴❴
MX η
//// C // ΣN ′ //❴❴❴
where N ′ ∈ addN , I ∈ I and η factors through R⊥1 . Now consider the following commutative diagram
N ′ //
mn

I

// ΣN ′ //❴❴❴
X
η′
X
// // C′X
// ΣN ′ //❴❴❴
since H(m) and n are surjective in H, then H(m)n is also surjective. But we have an exact sequence
N ′
H(m)n
−−−−→ H(X)
H(η′
X
)
−−−−→ C′X ,
thus H(η′X) = 0 and η
′
X factors through R
⊥1 . This means X ∈ N ∗ [R]. 
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5. Mutation of relative maximal rigid objects
Let M = U ⊕X ∈ H be a basic maximal R-rigid object where X is a non-projective indecomposable
object. In this case, U is called relative almost maximal rigid object (also is called almost maximal R-
rigid objects). Thus by Theorem 3.12 and [AIR, Theorem 2.17], there exists another indecomposable
object Y ∈ H such that U ⊕ Y = N is also maximal R-rigid. By [AIR, Definition-Proposition 2.26] and
Proposition 4.6, we have either M > N or N > M .
Definition 5.1. Let M , N be two basic maximal R-rigid objects in H. We say N is a left mutation of
M and M is a right mutation of N if the following condition are satisfied:
(1) M = U ⊕X and N = U ⊕ Y , where X,Y are non-projective indecomposable objects.
(2) M > N by Definition 4.3.
From now onwards, we assume P ⊆ addU , then we can take a minimal right addU -approximation
f : U1 → X which is also a deflation. We have the following lemma.
Lemma 5.2. Let M = U ⊕ X be a basic maximal R-rigid where X is indecomposable and all the
indecomposable projective objects are isomorphic to direct summands of U . If X ∈ U ∗ [R], then we can
get the following E-triangle
Y
g // U1
f // X //❴❴❴
where f is a left minimal. Moreover, in the following commutative diagram
Y
g // U1
f //
u0

X
h

//❴❴❴
(⋆)
Y // I
i
//
i′

ΣY //❴❴❴
h′

ΣU1
✤
✤
✤ ΣU1
✤
✤
✤
we have that h factors through R. Moreover, Y ∈ H.
Proof. Since X ∈ U ∗ [R], we have the following commutative diagram
MX
m1 //
m

IM

// ΣMX //❴❴❴
Y // U1
f //

X
h

ηX
// // CX // ΣMX //❴❴❴
Y // I
i
// ΣY //❴❴❴❴
where ηX factors through R by Lemma 4.2. Since f is a right U -approximation of X , then m factors
through f , hence it also factors through f . It follows that hm factors through i, thus hm factors through
m1. Therefore h factors through ηX , which means it factors through R.
Now we get f : U1 → X is surjective, then by [LN, Corollary 2.26], f admits the following commutative
diagram
U1 //
f

R1 //

R2 //❴❴❴
X // R0 // R2 //❴❴❴
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where R0, R1, R2 ∈ R. Hence we have the following commutative diagram
Y
g // U1
f //
u0

X
h

//❴❴❴
Y // R1
i
//
i′

R0 //❴❴❴
h′

R2
✤
✤
✤ R2
✤
✤
✤
which implies Y ∈ H. 
Lemma 5.3. In the diagram (⋆), we obtain that g is left minimal addM -approximation of Y .
Proof. Let y1 : Y → M1 be any morphism where M1 ∈ addM . We have the following commutative
diagram
ΩX
b

c // P

p // X //❴❴❴
Y
g // U1
f //

X
h

//❴❴❴
Y //
y0

I //

ΣY
a

//❴❴❴
M // IM
im
// ΣM //❴❴❴
Since M is R-rigid and h factors through R, we have ah factors through im, which implies y0 factors
through g. Hence g is a left addM -approximation of Y . Now we show it is also minimal. If this were
not true, then there would be a decomposition U1 = U11 ⊕ U12 such that
g = ( u10 ) : Y −→ U11 ⊕ U12.
It is easy to check that U12 is a direct summand of X . Hence X ≃ U12, a contradiction to what we
claimed about U and X . 
Lemma 5.4. The object Y in (⋆) is indecomposable and not in addM .
Proof. Let Y = Y1 ⊕ Y2. Then Y1 admits an E-triangle Y1
g1 // U1
f1 // X1 //❴❴❴ where g1 is a left
minimal addU -approximation of Y1. Then we have the following commutative diagram:
Y1
g1 //
α

U1
f1 // X1
a

//❴❴❴❴
Y
g //
β

U1
f //
v

X
b

//❴❴❴❴
Y1
g1 // U1
f1 // X1 //❴❴❴❴
where βα = 1Y1 . Since g1 is left minimal, we have that v is an isomorphism. Then ba is also an
isomorphism. But X is indecomposable, we have a is an isomorphism. Hence α is an isomorphism. This
implies Y is indecomposable.
18 YU LIU AND PANYUE ZHOU
Now we show Y /∈ addM . If Y ∈ addM , since M is R-rigid, in the diagram (⋆) we have h factors
through i, hence 1Y factors through g. This means the second row splits and X is a direct summand of
U1, a contradiction to what we claimed. 
Given an almost maximal R-rigid object, our main result in this section shows that starting with a
complement, we can calculate the other one by an exchange E-triangle, which is constructed from a left
approximation or a right approximation.
Theorem 5.5. Let M = U ⊕X be a basic maximal R-rigid object where X is a non-projective indecom-
posable object. Then we have the following.
(a) If X ∈ U ∗ [R], there is an E-triangle
Y // U1
f // X //❴❴❴
where f is a right minimal addU -approximation of X and Y is another complement to U and
U ⊕ Y > M .
(b) If X /∈ U ∗ [R], there is an E-triangle
X
g // U2 // Y //❴❴❴
where g is a left minimal addU -approximation of X and Y is another complement to U and
U ⊕ Y < M .
Proof. According to the previous lemmas in this section, we first show U ⊕ Y is R-rigid.
Consider a morphism α : U −→ R −→ ΣY , in the diagram (⋆), we obtain that h′α factors through i′.
So there is a morphism u : U → I such that h′α = i′u = h′iu. Hence we have a morphism u′ : U → X
such that α = iu+ hu′. Since u′ factors through f , we have that hu′ also factors through i. This implies
[R](U,ΣY ) = [R](U,ΣY ).
Consider a morphism β : Y
b1−−→ R
b2−−→ ΣU , since in the diagram (⋆), we have h : X
h1−−−→ R
h2−−−→ ΣY ,
we can get the following commutative diagrams:
ΩX
q //
h′

P
p //

X //❴❴❴
Y
g // U1
f //
u0

X
h

//❴❴❴
Y // I
i
// ΣY //❴❴❴
and
ΩX
q //
h′1

P

p // X
h1

//❴❴❴
ΩR
pR //
h′2

PR

// R
h2

//❴❴❴
Y
j // I // ΣY //❴❴❴
we have h′ − h′2h
′
1 factors through q. There exists a morphism pY : P → Y such that pY q = h
′ − h′2h
′
1.
Since b1h
′
2 factors through pR, we have that b1h
′
2h
′
1 factors through q. Hence b1h
′ factors through q.
Thus there is a morphism v : U1 → R such that b1 = vg. Since U is R-rigid, b2v factors through iU :
U // IU
iU // ΣU //❴❴❴ . Hence β factors through iU and we get [R](Y,ΣU) = [R](Y,ΣU).
By the same method and by the fact [R](U,ΣY ) = [R](U,ΣY ), we can get [R](Y,ΣY ) = [R](Y,ΣY ).
Now according to the previous results of this section, Theorem 3.12 and [AIR, Theorem 2.17], Y is
another complement to U , which means U ⊕ Y is also maximal R-rigid.
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We show U ⊕ Y > M . If it is not the case, we have U ⊕ Y < M . But then X /∈ FacU , a contradiction
to the assumption that X ∈ U ∗ [R]. By the same method we can show [R](Y,ΣY ) = [R](Y,ΣY ).
(2) Let Y be another complement to U . If X /∈ U ∗ [R], then X /∈ FacU . By [AIR, Definition-
Proposition 2.26] and Proposition 4.6 we have U ⊕ Y < M and Y ∈ U ∗ [R]. By using (1) and the
previous lemmas in this section, we get what we want. 
Our main results seem to be new phenomenon when it is applied to exact categories. In particular,
since module categories and triangulated categories can be viewed as extriangulated categories, our these
results generalize their work by Yang-Zhu [YZ] and Geiß-Leclerc-Schro¨er [GLS]. Moreover, our proof is
not far from the usual module or triangulated case.
6. Example
In this section, we give an example illustrating our main results.
Example 6.1. Let Λ be the k-algebra given by the quiver
3
  ✁✁
✁✁
5
  ✁✁
✁✁
2
  ✁✁
✁✁
^^❂❂❂❂
6 4
^^❂❂❂❂
1
^^❂❂❂❂
with mesh relations. The Auslander-Reiten quiver of B := modΛ is given by
3
5
6
!!❉
❉❉
❉
1
2
3
!!❉
❉❉
❉
5
6
==③③③③
!!❉
❉❉
❉❉
❉
3
5
!!❉
❉❉
❉❉
4
""❊
❊❊
❊❊
❊
2
3
==③③③③
!!❉
❉❉
❉❉
❉
1
2
❄
❄❄
❄❄
6
@@     
5
==③③③③③③
!!❉
❉❉
❉❉
❉
3 4
5
<<②②②②②②
//
""❊
❊❊
❊❊
❊
2
3 4
5
// 2
3 4
==③③③③③
!!❉
❉❉
❉❉
2
==③③③③③③
1 .
4
5
==③③③③③
3
<<②②②②②②
2
4
==③③③③③③
We denote by “ ◦” in the Auslander-Reiten quiver the indecomposable objects belong to a subcategory and
by “ •” the indecomposable objects do not belong to it.
•
❃
❃ •
❃
❃
R : •
@@  
❃
❃ •
❃
❃ •
❃
❃ •
@@  
❃
❃ ◦
❃
❃
•
@@  
•
@@  
  ❅
❅ •
@@   //
  ❅
❅ •
// •
@@  
  ❅
❅ •
@@  
◦
•
>>⑦⑦
•
>>⑦⑦
◦
>>⑦⑦
◦
❁
❁❁
◦
❁
❁❁
R⊥1 : ◦
@@✂✂✂
❁
❁❁
•
❁
❁❁
◦
❁
❁❁
•
@@✂✂✂
❁
❁❁
◦
❁
❁❁
◦
@@✂✂✂
◦
@@✂✂✂
  ❅
❅ •
@@✂✂✂ //
  ❅
❅ ◦
// •
@@✂✂✂
  ❅
❅ •
@@✂✂✂
◦
◦
>>⑦⑦
•
>>⑦⑦
◦
>>⑦⑦
where R is rigid and R⊥1 = {X ∈ B | Ext1(R,X) = 0}. The quiver of H is the following:
2
3
##❋
❋❋
❋❋
3
5
$$❏❏
❏❏❏
2
3 4
<<②②②②
2 .
3
::ttttt
It is equivalent to mod(kQ/〈βα〉), where Q is the quiver 1
α
−→ 2
β
−→ 3. According to [AIR, Example 6.4],
there are 12 basic support τ-tilting pairs in H, we list them and the maximal R-rigid objects in H ⊆ modΛ
which are correspondent to them by Theorem 3.12 below:
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( 0, 3 5 ⊕ 3 ⊕
2
3 ) 7−→ R
( 23 4 ,
3
5 ⊕
2
3 ) 7−→
2
3 4 ⊕
2
4 ⊕ 1
( 2 3 ⊕ 2 ,
3
5 ) 7−→
2
3 ⊕ 2 ⊕
2
4 = N
( 3 ⊕ 23 4 ,
2
3 ) 7−→ 3 ⊕
2
3 4 ⊕ 1
( 23 4 ⊕
2
3 ,
3
5 ) 7−→
2
3 4 ⊕
2
3 ⊕
2
4
( 3 ⊕ 2 3 ⊕ 2 , 0 ) 7−→ 3 ⊕
2
3 ⊕ 2
( 2 , 3 5 ⊕ 3 ) 7−→
2
4 ⊕ 2 ⊕
1
2 =M
( 3 5 , 3 ⊕
2
3 ) 7−→
3
5 ⊕
1
2 ⊕ 1
( 3 5 ⊕ 2 , 3 ) 7−→
3
5 ⊕ 2 ⊕
1
2
( 3 5 ⊕ 3 ,
2
3 ) 7−→
3
5 ⊕ 3 ⊕ 1
( 3 5 ⊕
2
3 ⊕ 2 , 0 ) 7−→
3
5 ⊕
2
3 ⊕ 2
( 3 5 ⊕ 3 ⊕
2
3 , 0 ) 7−→
3
5 ⊕ 3 ⊕
2
3
Let Λ⊕ 2 ⊕ 2 4 = U . Then we can find that
2
3 /∈ U ∗ [R]. According to Theorem 5.5, we can find
another complement in the following short exact sequence
2
3 →
1
2
3
⊕ 2 → 1 2 .
We also have U ⊕ 1 2 = Λ⊕M < U ⊕
2
3 = Λ⊕N.
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